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Abstract
We determine self-orthogonal designs and self-orthogonal codes from the primitive representations of the projective symplectic
groups S4(3) and S4(4), respectively. We establish some properties of these codes and the nature of some classes of codewords.
Some of the codes are optimal or near optimal for the given length and dimension. The dual codes of some designs and those of
some complementary designs admit majority logic decoding.
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1. Introduction
The knowledge of designs with special properties and the corresponding linear codes is an interesting topic in
combinatorics and coding theory. Based on the description of the primitive representations of the simple symplectic
groups S4(3) and S4(4) given in the ATLAS [7] and on a result of [12], in this paper we construct self-dual symmetric
designs from the orbits of the stabilizers of these groups associated to each one of the representations, and we give
the corresponding linear code (ternary, binary). The codes are obtained as the ternary (binary) span of the rows of the
incidence matrices of the designs. We examine the properties of the designs and use the geometry to gain some insight
into the nature of possible codewords, in particular, those of small weight. Alternatively these codes could be obtained
by taking the row span over F3 (respectively, F2) of an adjacency matrix of the strongly regular graph deﬁned by the
rank-3 action of S4(3) or S4(4), respectively.
The paper is arranged as follows: after a brief description of our terminology and some background, Section 3 gives
some preliminary results which will be required in the sequel; and Sections 4 and 5 give the results obtained for the
designs and their codes.
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2. Background and notation
For the structure of groups we follow the notation of the ATLAS [7]. The groups G.H , G:H , and G · H denote a
general extension, a split extension and a non-split extension, respectively. Also, A.B or AB denotes any group having
a normal subgroup of structure A, for which the corresponding quotient has structure B. For a prime p, the symbol
pn denotes an elementary abelian group of that order. If p is an odd prime, p1+2n+ and p1+2n− denote the extraspecial
groups of order p1+2n and exponent p or p2, respectively.
Our notation for designs and codes will be standard, and as in [1]. An incidence structureD= (P,B,I), with point
set P, block set B and incidence I is a t-(v, k, ) design, if |P| = v, every block B ∈ B is incident with precisely
k points, and every t distinct points are together incident with precisely  blocks. The complementary design of D is
obtained by replacing all blocks of D by their complements. The dual structure of D is Dt = (B,P,I). Thus the
transpose of an incidence matrix for D is an incidence matrix for Dt . We will say that the design is symmetric if it
has the same number of points and blocks, and self-dual if it is isomorphic to its dual. The numbers that occur as the
size of the intersection of two distinct blocks are the intersection numbers of the design. A t-(v, k, ) design is called
self-orthogonal if the intersection numbers have the same parity as the block size modp, where p is the characteristic
of the underlying ﬁeld. An automorphism of a design D is a permutation on P which sends blocks to blocks. The set
of all automorphisms of D forms its full automorphism group denoted by AutD.
The code CF of the designD over the ﬁnite ﬁeld F is the space spanned by the incidence vectors of the blocks over
F . We take F to be a prime ﬁeld Fp, in which case we write also Cp for CF , and refer to the dimension of Cp as the
p-rank of D. In the general case of a 2-design, the prime must divide the order of the design, i.e. r − , where r is
the replication number for the design, that is, the number of blocks through a point. If the point set of D is denoted
by P and the block set by B, and if Q is any subset of P, then we will denote the incidence vector of Q by vQ. Thus
CF = 〈vB |B ∈ B〉, and is a subspace of FP, the full vector space of functions from P to F .
If a linear code over a ﬁeld of order q is of length n, dimension k, and minimum weight d, then we write [n, k, d]q
to show this information. An [n, k, d] code is optimal if the d is the largest possible minimum weight for any [n, k]
code over the corresponding ﬁeld. The weight enumerator of C is deﬁned as
∑
c∈C ywt(c). The dual code C⊥ is the
orthogonal complement under the standard inner product (,), i.e. C⊥ = {v ∈ Fn|(v, c)= 0 for all c ∈ C}. A code C is
self-orthogonal if C ⊆ C⊥. The all-one vector will be denoted by E, and is the constant vector of weight the length of
the code.
A binary code C is doubly-even if all codewords of C have weight divisible by four. Two linear codes of the same
length and over the same ﬁeld are equivalent if each can be obtained from the other by permuting the coordinate
positions and multiplying each coordinate position by a non-zero ﬁeld element. They are isomorphic if they can be
obtained from one another by permuting the coordinate positions. An automorphism of a code is any permutation of
the coordinate positions that maps codewords to codewords.
Terminology for graphs is standard: the graphs, are undirected and the valency of a vertex is the number of edges
containing the vertex. A graph is regular if all the vertices have the same valency; a regular graph is strongly regular
of type (n, a, c, d) if it has n vertices, valency a, and if any two adjacent vertices are together adjacent to c vertices,
while any two non-adjacent vertices are together adjacent to d vertices.
3. Preliminary results
Our results for the designs and codes are based on Results 3.1 below, from [12,13].
Result 3.1 (Key and Moori [12, Proposition 1]). Let G be a ﬁnite primitive permutation group acting on the set  of
size n. Let  ∈ , and let  = {} be an orbit of the stabilizer G of . If
B= {g: g ∈ G},
thenB forms a self-dual 1-(n, ||, ||) design with n blocks, withG acting as an automorphism group on this structure,
primitive on the points and blocks of the design.
It is clear that, ifD is any design obtained from the construction in themanner described above, then the automorphism
group ofDwill contain G. Further, if C is the code ofD over a ﬁeld F , then the automorphism group ofD is contained
in the automorphism group of C.
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When the resulting code is the full space or a code of codimension 1 in the full space, we do not consider it, as the
code’s properties are not interesting and the automorphism group is Sn where n is the code’s length and obviously Sn
acts naturally on the code coordinates.
4. Ternary codes from S4(3)
The binary codes obtained from the primitive representations of S4(3) have been studied in [4]. The order of a
2-(v, k, ) design constructed here from the orbits of the stabilizer of a point in the primitive representations of S4(3)
is 9, and thus only the ternary codes of such designs will be of interest.
Note that S4(3)U4(2) and that S4(3) has an involutory outer automorphism, so its automorphism group is a split
extension of S4(3) byZ2. There are ﬁve distinct primitive representations, of degrees 27, 36, 40, 40 and 45, respectively,
all of which are rank-3. The representations and orbit lengths are shown in Table 1: the ﬁrst column gives the maximal
subgroups as given by the ATLAS [7]; the second gives the degree (the number of cosets of the point stabilizer); the
third gives the number of orbits, and the remaining columns give the size of the non-trivial orbits of the point-stabilizer.
Notation. Write Dr,s to denote a 2-(v, k, ) (respectively 1-(v, k, k)) design obtained from the rth primitive repre-
sentation of degree s, whenever there is more than one representation of that degree. For example, D36 represents a
design obtained from the only representation of degree 36, while D1,40 represents a design obtained from the ﬁrst
representation of degree 40. The corresponding codes shall be denoted CD36 and CD1,40 , respectively.
4.1. The representation of degree 36
Since the ternary codes obtained from the primitive representation of degree 27 in all its orbits give the full space, we
start by considering the second primitive representation of S4(3), that is, the rank-3 primitive representation of degree
36 on the cosets of S6 (see [7]). Using Result 3.1 we construct from the orbit of length 15 (see Table 1) a symmetric
1-(36, 15, 15) self-dual design. This is actually a 2-(36, 15, 6) design (see also [11, Theorem 1]), and the complement
of a 2-(36, 21, 12) design. By the above notation we shall refer to this design as a D36 design, while the ternary code
associated to it shall be denoted CD36 . Symmetric 2-(36, 15, 6) designs belong to the series with parameters
v = 4m2, k = m(2m − 1), = m(m − 1), n = m2
(see [2], p. 622 with m = 3). We now prove the following:
Proposition 4.1.
(i) D36 is a self-orthogonal design.
(ii) CD36 is a [36, 15, 9]3 self-orthogonal code.
(iii) C⊥D36 is a [36, 21, 6]3 with 240 words of weight 6, and E ∈ C⊥D36 .(iv) Aut(D36) = Aut(CD36)PS4(3).
(v) E ∈ CD36 .
Proof. Since |Bi ∩ Bj | ≡ |Bk| ≡ 0 (mod 3), (where i, j, k ∈ {1, . . . , b}, i = j and b and k are, respectively, the
number of blocks and the block size), we deduce thatD36 is a self-orthogonal design. Hence the block-point incidence
Table 1
Orbits of the point-stabilizer of S4(3)
Max sub Degree No. Length
24 : A5 27 3 16 10
S6 36 3 20 15
31+2+ : 2A4 40 3 27 12
33 : S4 40 3 27 12
2 · (A4 × A4).2 45 3 32 12
1944 B.G. Rodrigues /Discrete Mathematics 308 (2008) 1941–1950
Fig. 1. Number of joins between orbits of a point stabilizer.
matrix of D36 spans a self-orthogonal code CD36 of length 36. Since the block size of D36 is divisible by 3 we have
that E ∈ C⊥D36 . Now, from [11, Theorem 1] we have that Aut(D36)PS4(3). Since Aut(D36) ⊆ Aut(CD36) and|Aut(CD36)| = |PS4(3)|, the result follows. In particular, CD36 contains the E vector. The minimum distance 9 can be
deduced from the weight enumerator for this code which is as follows:
WCD36
= 1 + 80x9 + 3240x12 + 43632x15 + 693600x18 + 3355344x21
+ 5992110x24 + 3654320x27 + 587736x30 + 18360x33 + 484x36.
Computation with Magma [3] show that dim(CD36) = 15 and that C⊥D36 has minimum weight 6. 
The design D36 is isomorphic to the design constructed in [11]. Since E ∈ CD36 it follows that the code of the
complementary design 2-(36, 21, 12) is CD36 .
Remark. For the proof of self-orthogonality of the code CD36 we could make use of the information provided in
Table 1. Notice from Table 1 that S4(3) acts as a rank-3 group of degree 36 on the cosets of S6 with orbits of lengths 1,
15 and 20, respectively. From the orbit of length 15, we obtain a strongly regular graph with parameters (36, 15, 6, 6)
and denote it by T. The intersection matrix of T is[ 0 1 0
15 6 6
0 8 9
]
.
Now, if we ﬁx a vertex v in T we can divide the remaining vertices into two sets, namely T′ of size 15 and T′′ of
size 20, with T′ being the set of vertices adjacent to v, and T′′ the set of vertices non-adjacent to v. As it can be seen
from Fig. 1, each vertex in T′ is adjacent to v and to 6 other vertices in T′, thus to 8 vertices in T′′. Each vertex in T′′
is adjacent to 6 vertices in T′, and so to 9 vertices in T′′.
The valency 15 ensures that generating codewords have length zero (mod 3) and the two 6’s ensure that (i) any two
generating codewords have 6 non-zero entries in common, and (ii) that any two generating codewords are orthogonal
to one another.
4.2. 1st representation of degree 40
In [10], the authors classiﬁed ternary self-orthogonal codes constructed from 2-(40, 27, 18) designs with ﬁxed point
free automorphism group of order 5, as given in [5]. We note, however, that none of the codes obtained in [10] are
isomorphic to the ones constructed in this paper.
Considering the third primitive representation of S4(3), that is, its rank-3 primitive representation of degree 40 on
the cosets of 31+2+ : 2A4 (see [7]) we construct from the orbit of length 27 (see Table 1) a symmetric 1-(40, 27, 27)
self-dual designD1,40. This is in fact a 2-(40, 27, 18) design, the design of points and lines of the projective geometry
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PG3(F3) and the complement of a 2-(40, 13, 4) design. This design has the group L4(3): 21, as its full automorphism
group. Notice that the group L4(3) has three involutory outer automorphisms (see ATLAS), namely 21, 22 and 23.
The groups L4(3): 21, L4(3): 22 and L4(3): 23 are non-isomorphic.
Theorem 4.2 below deals with this design and in Theorem 4.4 we prove that L4(3): 21 is the automorphism group
its [40, 10, 18]3 ternary code.
Theorem 4.2. For S4(3) of degree 40, the automorphism group of the design D1,40 is a non-abelian ﬁnite group of
order 12130560 which contains a non-abelian ﬁnite simple group of order 6065280 as a normal subgroup of index 2.
Moreover this subgroup is isomorphic to the simple group L4(3).
Proof. Let G denote the automorphism group of D1,40. Computations with Magma [3] show that G is a non-abelian
group which contains a normal subgroup N of index 2. We claim that NL4(3). A composition series for G found
using Magma is GN1G, this is in fact a chief series for G. Thus N is a non-abelian chief factor of G. Since|N | = 6065280 = |L4(3)| we have that NL4(3). Hence the result. 
Corollary 4.3. The automorphism group of D1,40 is L4(3): 21.
Proof. From Theorem 4.2, it follows that GL4(3).2. The permutation
x= (1,8)(3,19)(4,36)(5,33)(7,30)(9,14)(11, 21)(13, 25)(15,34)
(16, 29)(20, 39)(24, 26)(31, 32)
is in G − N , and o(x) = 2. From the ATLAS [7] we have that there are three groups of type L4(3): 2. However,
the number of conjugacy classes distinguishes all these three types of groups. Since G has 43 conjugacy classes, we
conclude that GL4(3): 21. Hence the result. 
Notice that Aut(S4(3))=S4(3): 2Aut(D1,40)L4(3): 21. From theATLAS [7] we have that S4(3): 2 is amaximal
subgroup of L4(3): 21 of index 234.
Theorem 4.4. The linear groupL4(3): 21 is the automorphism group of the [40, 10]3 ternary codeCD1,40 derived from
D1,40. D1,40 is a self-orthogonal design. The code CD1,40 is self-orthogonal, with minimum distance 18. Its dual is a
[40, 30, 4]3 with 260 words of weight 4. Moreover E ∈ C⊥D1,40 .
Proof. Let H denote the automorphism group of CD1,40 . Then G ⊆ H . Computations with Magma show that |H | =
12130560 = |G| and so we have that H = G. Now by Corollary 4.3 we have that HL4(3): 21.
Self-orthogonality of D1,40 follows using an argument similar to that in the proof of Proposition 4.1, hence the
self-orthogonality ofCD1,40 . The minimum distance 18 can be deduced from the weight enumerator for this code which
is as follows:
WCD1,40
= 1 + 1560x18 + 21060x24 + 18800x27 + 16848x30 + 780x36.
Computation with Magma shows that dim(CD1,40) = 10 and that C⊥D1,40 has minimum weight 4. 
Remark. The code and groups found above can be described geometrically: with the notation of the propositions, the
[40, 30, 4]3 code C⊥D1,40 is, in fact, the code of the 2-(40, 4, 1) design of points and lines in the projective geometry
PG3(F3); the automorphism group of the design is PL4(F3)L4(3): 21, by the fundamental theorem of projective
geometry. The 260 words of weight 4 are the incidence vectors of the lines, and their scalar multiples. The code C⊥D1,40
is, in fact, a projective generalized Reed–Muller code (see [1, Chapter 5]). The words of weight 18 in CD1,40 can also
be described geometrically, i.e. they are the differences of the incidence vectors of two planes of order 3 in PG3(F3).
These planes meet in a line, i.e. four points, so the weight of the difference of incidence vectors is 18.
The design D1,40 is isomorphic to the design constructed in [8]. This design could also be obtained from the point
graph of a generalized quadrangle. The code CD1,40 is an optimal code, and its dual code C⊥D1,40 has minimum distance
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only 1 less than the optimal. The code of the complementary design 2-(40, 13, 4) of D1,40, which is obtained from
CD1,40 by adding the all-one vector, is a [40, 11, 13]3. This code is far from being optimal. However, the dual of this
code is an optimal [40, 29, 6]3 code.
The rows of the incidence matrix of the 2-(40, 13, 4) design can be used as orthogonal parity checks that allow
majority decoding of the code [40, 29, 6]3 up to its full error-correcting capacity. The following proposition can now
be proved:
Proposition 4.5. The code [40, 29, 6]3 can correct up to 2 errors by majority decoding.
Proof. Applying the Rudolph’s decoding algorithm [14] for the design 2-(40, 13, 4) we have that (r + − 1)/2 =
(13 + 4 − 1)/2 · 4 = 2, and so the result. 
4.3. 2nd representation of degree 40
Now consider the fourth primitive representation of S4(3), i.e. the representation on the cosets of 33: S4.We construct
from the orbit of length 27 a symmetric 1-(40, 27, 27) self-dual designD2,40. This is actually a 2-(40, 27, 18) design,
and the complement of a 2-(40, 13, 4) design. In Proposition 4.6 below, we list the main obvious properties of the
codes obtained fromD2,40 without providing a proof. A proof for this proposition follows by using arguments similar
to those used in the proofs of the preceding results.
Proposition 4.6.
(i) D2,40 is a self-orthogonal design.
(ii) CD2,40 is a [40, 14, 12]3 self-orthogonal code.
(iii) E ∈ C⊥D402 .
(iv) C⊥D2,40 is a [40, 26, 4]3 with 80 words of weight 4.
(v) Aut(D2,40) = Aut(CD2,40)PS4(3).
The weight enumerator for CD2,40 is as follows:
WCD2,40
= 1 + 540x12 + 3600x15 + 39360x18 + 305280x21 + 1228320x24
+ 1982240x27 + 1017648x30 + 193680x33 + 11580x36 + 720x39.
Remark. Since AutD2,40AutD1,40 we have thatD2,40D1,40. The designD2,40 is isomorphic to the complement
of the 2-(40, 13, 4) design constructed in [5,8].
The codeCD2,40 has minimum distance only 3 less than the optimal and the same occurs for its dual codeC⊥D2,40 . The
code of the complementary design 2-(40, 13, 4) of D2,40, which is obtained from CD2,40 by adding the all-one vector,
is a [40, 15, 10]3. This code is far from being optimal. The dual of this code a [40, 25, 6]3 has minimum distance only
2 less than the optimal. The code [40, 25, 6]3 can correct up to 2 errors by majority decoding.
4.4. The representation of degree 45
Designs with parameters 2-(45, 12, 3) were constructed in [6] from orbit matrices. In [10], using the methods
described in [6], the authors classiﬁed ternary self-orthogonal codes constructed from 2-(45, 12, 3) designs with ﬁxed
point free automorphism group of order 5. As previously, here we note that none of the codes obtained in [10] are
isomorphic to the one constructed in this section.
Taking the ﬁfth primitive representation of S4(3), i.e. the primitive representation of degree 45 on the cosets of
2 · (A4 × A4).2, we obtain from the orbit of length 12 (see Table 1) a symmetric 1-(45, 12, 12) self-dual design D45.
This is in fact a 2-(45, 12, 3) design (see also [9, Theorem 3.13]), and the complement of a 2-(45, 33, 24) design.
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Symmetric 2-(45, 12, 3) designs belong to the series with parameters
v = ql+1
(
1 + q
l+1 − 1
q − 1
)
, k = ql q
l+1 − 1
q − 1 and = q
l q
l − 1
q − 1 ,
where q is any prime power and l is any positive integer (see [2], p. 622 with q = 3 and l = 1).
Proposition 4.7.
(i) D45 is a self-orthogonal design.
(ii) CD45 is a [45, 15, 12]3 self-orthogonal code.
(iii) E ∈ CD45 and E ∈ C⊥D45 .
(iv) C⊥D45 is a [45, 30, 6]3 with 1200 words of weight 6.(v) Aut(D45) = Aut(CD45)PS4(3).
Proof. The proof follows arguments similar to those of the preceding results. For the proof of the automorphism we
could use [9, Theorem 3.13]. 
The weight enumerator of CD45 is as follows:
WCD45
= 1 + 90x12 + 1152x15 + 8660x18 + 92340x21 + 952020x24
+ 3394640x27 + 5270400x30 + 3712770x33 + 850170x36 + 63360x39 + 3060x42 + 244x45.
The words of minimumweight inCD45 are the incidence vectors of the blocks of the design and their scalar multiples.
The code CD45 is not optimal. However, its dual code C⊥D45 has minimum distance only 1 less than the optimal. Since
E ∈ CD45 it follows that the code of the complementary design 2-(45, 33, 24) is CD45 .
The dual code C⊥D45 is a [45, 30, 6]3, and C⊥D45 can correct up to 2 errors by majority decoding.
5. Self-orthogonal codes from S4(4)
In this sectionwe consider the simple symplectic groupS4(4)which is of order 979200.This group has seven primitive
representations of degrees 85, 85, 120, 120, 136, 136 and 1360, respectively. Observe that the rank-3 representations
of this group are pairwise equivalent under an outer automorphism (see Table 2 and the ATLAS [7]).
Table 2 gives the same information for S4(4) that Table 1 gives for S4(3). The numbers appearing in parenthesis
represent the number of orbits of the point stabilizer when there is more than one of that length.
As indicated above the rank-3 representations are pairwise equivalent, so we only consider the designs and codes
obtained in the ﬁrst representation of that degree. For example, there are two rank-3 representations of degree 85, so we
consider the ﬁrst of these representations as the designs and codes obtained from these representations are isomorphic.
The representation of degree 1360, is not comfortably easy to compute with, so we have not considered determining
the invariants of the codes from that representation. Notation for the designs and codes is as in Section 4.
Table 2
Orbits of the point-stabilizer of S4(4)
Max sub Degree No. Length
26 : (3 × A5) 85 3 64 20
26 : (3 × A5) 85 3 64 20
L2(16) : 2 120 3 68 51
L2(16) : 2 120 3 68 51
(A5 × A5) : 2 136 3 75 60
(A5 × A5) : 2 136 3 75 60
S6 1360 11 360(2) 144 120(2) 90(2) 45 15(2)
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5.1. The 1st representation of degree 85
Consider the ﬁrst primitive representation of S4(4), i.e. a primitive representation of degree 85 on the cosets of
26: (3 × A5). We obtain from the orbit of length 64 (see Table 1) a symmetric 1-(85, 64, 64) self-dual design, which
as in Section 4 we denote by CD1,85 . This is actually a 2-(85, 64, 48) design, and the complement of a 2-(85, 21, 5)
design.
Theorem 5.1 below shows that the CD1,85 has the group L4(4):2 as the full automorphism. In Proposition 5.3 we
prove that L4(4): 2 also is the automorphism group of its [85, 16, 32]2 binary code.
Theorem 5.1. For S4(4) of degree 85, the automorphism group of the design D1,85 is a non-abelian ﬁnite group of
order 1974067200 which contains a non-abelian ﬁnite simple group of order 987033600 as a normal subgroup of index
2. Moreover this subgroup is isomorphic to the simple group L4(4).
Proof. An argument similar to that used in the proof of Theorem 4.2 could be used here to prove all the assertions of
the theorem. 
Corollary 5.2. The automorphism group of D1,85 is the linear group L4(4): 2.
Proof. Follows from Theorem 5.1. 
Now, D851 yields a [85, 16, 32]2 self-orthogonal doubly even code whose automorphism group H is a non-abelian
group of order 1974067200. We show that HL4(4): 2.
Proposition 5.3. The linear group L4(4): 2 is the automorphism group of the [85, 16]2 binary code CD1,85 derived
from D1,85. The code CD1,85 is self-orthogonal and doubly even, with minimum distance 32. Its dual is a [85, 69, 5]2
with 357 words of weight 5.
Proof. Use Corollary 5.2 for the ﬁrst part. Since the block size 64 ≡ 0 (mod 4) and all block intersection numbers
are even (i.e. the design D1,85 is self-orthogonal), the rows of the block-point incidence matrix of D1,85 span a self-
orthogonal binary code CD1,85 of length 85 with all weights divisible by 4, i.e. CD1,85 is a doubly even code. Since
the blocks of D1,85 are of even size, we have that E meets evenly every vector of CD1,85 , so E ∈ C⊥D1,85 . The minimum
distance 32 can be deduced from the weight enumerator of this code which follows
WCD1,85
= 1 + 3570x32 + 38080x40 + 23800x48 + 85x64.
That C⊥D1,85 has minimum weight 5 was found using Magma. 
Remark. This code also has geometrical signiﬁcance: using the notation of the above proposition, CD1,85 is a
[85, 16, 32]2 code and its dual C⊥D1,85 is a [85, 69, 5]2 code. The words of weight 5 in C⊥D1,85 form a 2-(85, 5, 1)
design R i.e. the design of points and lines in the projective space PG3(F4); the automorphism group of the design
is PL4(F4)L4(4): 4 by the fundamental theorem of projective geometry. The code of this design R is not C⊥D1,85 ;
denoting it by R, it is a [85, 61, 5]2 code inside C⊥D1,85 . Thus C⊥D851 is a code that is not generated by its minimum
weight vectors. The dual R⊥ of R, is a [85, 24, 24]2 containing CD1,85 . The automorphism group of all these designs
and codes is PL(4, F4). The words of weight 64 in CD851 are the incidence vectors of the complements of the planes
of order 4 in the 3-space; the code of that design has dimension 17, and it is obtained by adding the all-one vector to
the [85, 16, 32]2 code CD1,85 . The dual of this new code is a [85, 68, 6]2, whose vectors of weight 6 are the incidence
vectors of the ovals in the planes.
The code CD1,85 is an optimal code, and its dual code C⊥D1,85 has minimum distance only 1 less than the optimal.
The code of the complementary design 2-(85, 21, 5) of D1,85, which is obtained from CD1,85 by adding the all-one
vector, is a [85, 17, 21]2 (see above). This code is far from being optimal. However, the dual of this code is an optimal
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[85, 68, 6]2 code (see above). The code [85, 24, 24]2 referred to above is an optimal code. The code [85, 68, 6]2 can
correct up to 2 errors by majority decoding.
In Propositions 5.4 and 5.5 below, we list the main obvious properties of the codes obtained, respectively, from the
designsD12068 andD1,136 without providing a proof. The proofs for these assertions follow by using arguments similar
to those used in the proofs of the preceding results.
5.2. The 1st representation of degree 120
Consider the third primitive representation of S4(4), that is, its rank-3 primitive representation of degree 120 on
the cosets of L2(16) : 2 (see Table 2). We now construct from the orbit of length 68 (see Table 2) a symmetric
1-(120, 68, 68) self-dual design D12068 and its associated binary code.
Proposition 5.4.
(i) D12068 is a self-orthogonal design.
(ii) CD12068 is a [120, 10, 52]2 self-orthogonal doubly even code.
(iii) E ∈ CD12068 and E ∈ C⊥D12068 .
(iv) C⊥D12068 is a [120, 110, 4]2 with 15810 words of weight 4.(v) Aut(D12068) = Aut(CD12068 )PS4(4).
The weight enumerator of CD12068 is as follows:
WCD12068
= 1 + 120x52 + 255x56 + 272x60 + 255x64 + 120x68 + x120.
The code C⊥D12068 is optimal.
5.3. The 1st representation of degree 136
Finally consider the ﬁfth primitive representation of S4(4), that is its rank-3 primitive representation of degree 136
on the cosets of (A5 × A5) : 2. We now have from the orbit of length 60 (see Table 2) a symmetric 1-(136, 60, 60)
self-dual design D1,136.
Proposition 5.5.
(i) D1,136 is a self-orthogonal design.
(ii) CD1,136 is a [136, 10, 60]2 self-orthogonal doubly-even code.
(iii) E ∈ CD1,136 and E ∈ C⊥D1,136 .
(iv) C⊥D1,136 is a [136, 126, 4]2 with 26350 words of weight 4.
(v) Aut(D1,136) = Aut(CD1,136)PS4(4).
The weight enumerator of CD1,136 is as follows:
WCD1,136
= 1 + 136x60 + 255x64 + 240x68 + 255x72 + 136x76 + x136.
The code CD1,136 is span by its minimum weight codewords as these are the incidence vectors of the blocks of the
design. The code C⊥D1,136 is optimal.
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